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The basic feature of the peridynamic model considered is a continuum description of a material behavior
as the integrated nonlocal force interactions between inﬁnitesimal particles. In contrast to these classical
theories, the peridynamic equation of motion introduced by Silling (2000) is free of any spatial deriva-
tives of displacement. A heterogeneous bar of statistically homogeneous random structure of constitu-
ents with the peristatic mechanical properties is analyzed by the standard averaging tool of
micromechanics. The applicability of local elasticity theory is demonstrated for description of effective
elastic behavior of this bar. The approach proposed is based on numerical solution (for both the displace-
ments and peristatic stresses) for one heterogeneity inside inﬁnite homogeneous bar loaded by a pair of
self-equilibrated concentrated remote forces. This solution is substituted into the general scheme of
micromechanics of locally elastic media adapted for the considered case of 1D peristatic structures. A
convergence of effective modulus estimations is demonstrated for both the peristatic composite bar
and locally elastic bar.
 2014 Elsevier Ltd. All rights reserved.1. Introduction ume averages of the corresponding local variables over someIn local elasticity the stress at a given point uniquely depends
on the deformation and temperature at that point only. However,
such a consideration implies that the material can be treated as a
continuum at an arbitrarily small scale. Real materials, however,
have complicated internal structures with length scales ranging
over many orders of magnitude. Simultaneous modeling over the
entire range of length scales is prohibitively expensive for practical
applications since it requires coupling of continuum mechanics
approaches with both molecular mechanics and quantummechan-
ics models. Affordable material models should select some resolu-
tion level below which the microstructural details are not
explicitly ‘‘visible’’ to the model and need to be taken into account
approximately and implicitly, by an appropriate deﬁnition of
‘‘effective’’ material properties (see, e.g., Bazˇant and Jirásek,
2002). A gap between the continuum mechanics and the discrete
point-mass models of molecular dynamics (or interatomic poten-
tials based on quantum mechanics) is bridged by a special mecha-
nism using various forms of generalized (so-called nonlocal)
continuum formulations, dealing with materials that are nonsim-
ple or polar, or both, where the nonlocal variables are simply vol-nonlocal representative volume element (RVE) around the material
point being considered. The standard micromechanical arguments
(see, e.g., Chapter 12 in Buryachenko (2007)) show that the size of
this nonlocal RVE and their constitutive law should depend on the
local variable distribution itself or, in other words, on the solution
at the ﬁne (molecular) resolution level. One usually emerges from
this difﬁculty by the use of representations of the corresponding
nonlocal operators through either the differential or integral forms.
These were reﬁned by Kröner et al. (see for references Kröner,
1967; Kunin, 1983; Rogula, 1982; Eringen, 2002; Bazˇant and
Jirásek, 2002), frequently motivated by homogenization of the
atomic theory of Bravais lattices. Most concepts of these nonlocal
models use the nonlocal forms (either the integral or differential
ones) of constitutive equations and the differential equation of
motion.
In contrast to these classical local and nonlocal theories, the
peridynamic equation of motion introduced in Silling (2000) (see
also Silling and Lehoucq, 2008, 2010; Weckner et al., 2009) is free
of any spatial derivatives of displacement. The basic feature of the
peridynamic model is a continuum description of a material
behavior as the integrated nonlocal force interactions between
inﬁnitesimal particles. This might be an attractive feature espe-
cially for the problems involving discontinuities in the deformation
process. The effectiveness of peridynamic models has already been
demonstrated in several sophisticated applications, including
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deterministic (e.g., periodic) structure, crack instability, the frac-
ture of polycrystals, and nanoﬁber networks (see, e.g., Askari
et al., 2006, 2008; Alali and Lipton, 2012). While the similar prob-
lems were solved in the framework of local elasticity, their peri-
static formulation requires considerably higher computational
costs. However, the mentioned drawback of peridynamics is with
usury compensated by the opportunities opening by perydynamics
in solution of problems with discontinuities.
Analysis of random structure composites (see for references
Buryachenko, 2007) even for locally elastic constitutive phases in
general requires essentially high computation costs in comparison
with the deterministic structures (e.g., periodic one). In so doing,
random structure composites with the peristatic properties of con-
stituents were only considered in the framework of assumption of
replacement of the random structure by a deterministic one (e.g.,
mixture theory and laminate theory, see Askari et al., 2006; Kilic,
2008; Hu et al., 2012). Moreover, historically micromechanicians
usually work with the differential equation of motion rather than
with the integral one (as in peridynamics). Because of this even
the background concepts of micromechanics (see for details, e.g.,
Buryachenko, 2007) such as the effective moduli, effective ﬁeld,
and especially the general integral equations (connecting the dis-
placement ﬁelds in the inclusion being considered and the sur-
rounding inclusions, see Buryachenko, 2010a,b, 2011b, 2014) are
not yet deﬁned in the theory of peristaltic composites. The current
paper is dedicated to closing this gap between micromechanical
approaches and perydynamic models. It will be considered by an
example of an inﬁnite 1D peristaltic bar of random structure while
a locally elastic counterpart of the corresponding problem is
exactly solved. Analysis of the simpliﬁed 1D structure makes it
possible to dispense with the some assumptions (widely used in
2D and 3D cases) and to focuss our attention to direct use of a large
body of both the analytical and numerical results obtained for 1D
homogeneous and inhomogeneous peridynamic bar of determinis-
tic structure (see, e.g., Silling et al., 2003; Silling and Askari, 2005;
Weckner and Abeyaratne, 2005; Weckner and Emmrich, 2005;
Emmrich and Weckner, 2007; Bobaru et al., 2009; Mikata, 2012).
In this paper the term ‘‘peristatics’’ is used analogously to Mikata
(2012) to differentiate the static problems considered in the cur-
rent paper from the dynamic problems.
The paper is originated as follows. In Section 2 we give a short
introduction into the 1D peristatic theory of solids. In Section 3
previous research for one heterogeneity inside inﬁnite homoge-
neous bar is presented in the form adapted for subsequent exploi-
tation in Section 4 in the model for the heterogeneous bar of
statistically homogeneous random structure. At the beginning of
Section 4 one summarizes the known exact solution for the heter-
ogeneous bar of statistically homogeneous random structure in the
framework of local elasticity. The mentioned form of the solution is
most suitable for generalization to the peristatic model also con-
sidered in Section 4. The numerical results are presented in Sec-
tion 5 where one also demonstrates a convergence of effective
modulus estimations obtained for peristatic composite bar to the
corresponding exact effective moduli evaluated for the local elastic
theory.2. Preliminaries
2.1. Basic equations of peristatics
In this section, we ﬁrst summarize the linear peristatic 1D the-
ory (see the references in Introduction) for an inﬁnitely long bar of
a constant cross section A ¼ 1, assume that the bar is parallel to the
x1  x axis. We reproduce (see for details Silling et al., 2003) theconstitutive law for a peristatic bar directly in the one-dimensional
setting, omitting the calculations requiring the cross section:Z 1
1
Cðx; x^Þ½uðx^Þ  uðxÞdx^þ bðxÞ ¼ 0; ð2:1Þ
where u is the displacement ﬁeld, b is a prescribed external force
density ﬁeld, and C is a stiffness distribution density or micromod-
ulus function. The body force density function bðxÞ is assumed to be
self-equilibratedZ 1
1
bðxÞdx ¼ 0 ð2:2Þ
and vanished outside some loading region: bðxÞ ¼ 0 for jxj > ad. For
consistency with Newton0s third law, the micromodulus function C
for the homogeneous materials must be even (n ¼ x x^):
CðnÞ ¼ CðnÞ for 1 < n <1: ð2:3Þ
It is assumed that CðnÞ has a compact support, i.e. the material has a
‘‘horizon’’, when there is no interaction between particles that are
more than some ﬁnite distance lc apart, then CðnÞ  0 for all
jnj > lc . Thus, the integration domain R ¼ ð1;1Þ ¼ R in Eq. (2.1)
can be limited by a neighborhood Hxðx^Þ ¼ fx^ : jx^ xj < lcg of the
point x. For example, for the micromodulus functions with the
step-function and triangular proﬁles
CðnÞ ¼ C; for jnj < lc;
0; for jnj > lc:;

CðnÞ ¼ Cð1 jnj=lcÞ; for jnj < lc;
0; for jnj > lc;

ð2:4Þ
respectively.
For two phase bar, the domain R contains a homogeneous
matrix v ð0Þ and a statistically homogeneous ﬁeld X ¼ ðv iÞ of identi-
cal inclusions v i  v ð1Þ with indicator functions Vi (v ð0Þ [ v ð1Þ ¼ R;
v ð0Þ \ v ð1Þ ¼ ;), We consider a dilute approximation when interac-
tion of inclusions v i  v ð1Þ are absent, and the peridynamic horizon
lc is chosen to be smaller than the spacing separating the inclu-
sions. For any two points x and x^ in R;CðnÞ ¼ Cðx; x^Þ (n ¼ x x^) is
given by the formula (v i  v ð1Þ; i ¼ 1;2; . . .)
Cðx; x^Þ ¼
Cð1Þðx; x^Þ; for x; x^ 2 v i;
Cð0Þðx; x^Þ; for x; x^ 2 v0;
Ciðx; x^Þ; for x 2 v i; x^ 2 v0or x 2 v0; x^ 2 v i;
0; for jx x^j > lc;
8>>><
>>:
ð2:5Þ
which can also be presented in the form
Cðx; x^Þ ¼ Cð1Þðx; x^ÞV ð1ÞðxÞV ð1Þðx^Þ þ Cð0Þðx; x^ÞV ð0ÞðxÞV ð0Þðx^Þ
þ Ciðx; x^Þ½V ð1ÞðxÞV ð0Þðx^Þ þ V ð0ÞðxÞV ð1Þðx^Þ; ð2:6Þ
where V ðkÞðxÞ is an indicator function of v ðkÞ equals 1 at x 2 v ðkÞ and 0
otherwise (k ¼ 0;1Þ. The material parameters Cð1Þ and Cð0Þ are
intrinsic to each phase and can be determined through the experi-
ments. Bonds connecting particles in the different materials are
characterized by micromodulus Ci, which can be chosen such that
Cð1Þðx; x^ÞP Ciðx; x^ÞP Cð0Þðx; x^Þ, or
Ciðx; x^Þ ¼ ðCð0Þðx; x^Þ þ Cð1Þðx; x^ÞÞ=2; ð2:7Þ
Ciðx; x^Þ ¼min½Cð0Þðx; x^Þ;Cð1Þðx; x^Þ; ð2:8Þ
see Silling and Askari (2005) and Alali and Lipton (2012).
The peridynamic theory is traditionally based on the using of
the displacement ﬁeld uðxÞ rather than either the stress rðxÞ or
strain eðxÞ ﬁelds which are not conceptually necessary. However,
introduction of the notion of the stress is helpful, as one can use
it to formulate the stress–strain relations for exploiting of well
developed tool of classical elasticity theory in a subsequent appli-
cation of the present theory for heterogeneous materials. So, by
Fig. 1. Schematic representations of micromoduli CðnÞ: solid curve (2.41) and
(2.131), dotted curve (2.42) and (2.132).
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the ‘‘peristatic stress’’ rðzÞ at the point z to be the total force that
all material particles x^ to the right of z exert on all material parti-
cles to its left (see e.g., Silling et al., 2003; Weckner and
Abeyaratne, 2005)
rðzÞ ¼
Z z
1
Z 1
z
Cðx; x^Þ½uðx^Þ  uðxÞdx^
 
dx
¼
Z 1
0
Z 1
0
Cðzþ r; z sÞ½uðzþ rÞ  uðz sÞds
 
dr; ð2:9Þ
where (2.92) is obtained from (2.91) by the change of the variables
x ¼ zþ r; x^ ¼ z s. However, due to the vanishing of Cðx; x^Þ outside
the domains Hxðx^Þ and Hx^ðxÞ, e.g., Eq. (2.91) can be presented in the
form
rðzÞ ¼
Z
H
zlc
Z
Hþ
xþlc
Cðx; x^Þ½uðx^Þ  uðxÞdx^
( )
dx; ð2:10Þ
where Hzlc ¼ fx : z lc < x < zg and Hþxþlc ¼ fx^ : z < x^ < xþ lcg.
In the particular case of a homogeneous deformation, the strain
in any bond does not depend on location
uðxÞ ¼ ex for some e  const ð2:11Þ
and Eq. (2.92) is simpliﬁed to the ‘‘stress–strain relation’’ (see Silling
et al., 2003)
r ¼ Eð0Þe; Eð0Þ ¼
Z 1
0
r2CðrÞdr; ð2:12Þ
establishing a representation of the Young’s modulus Eð0Þ in the
classical theory of elasticity through the micromodulus CðrÞ in the
peridynamic theory. If the stress–strain relation (2.121) is found,
constitutive model can be calibrated by choosing of the micromod-
ulus function CðnÞ which corresponds to measured material values
(2.122). So, substituting of Eqs. (2.41) and (2.42) into Eq. (2.122)
leads to (see Silling et al., 2003)
C ¼ 3Eð0Þ=l3c ; and C ¼ 12Eð0Þ=l3c ; ð2:13Þ
respectively. Schematic representations of the micromoduli CðnÞ
corresponding to Eqs. (2.41), (2.131) and (2.42), (2.132), respectively,
are presented in Fig. 1.
Boundary conditions corresponding to Eq. (2.11) are called
homogeneous. Due to nonlocality of the peristatic motion Eq.
(2.1), the boundary displacement and forces are prescribed on a
boundary layer with non-zero volumetric measure (in opposite to
the local elasticity case where the boundary conditions are imposed
precisely at the bounding surface) [see for details Silling (2000),
Kilic (2008), and Section 3.1 of the current paper]. In practice (see
Macek and Silling, 2007), a thickness of this layer equals to lc .
2.2. Statistical description of the composite microstructures
It is assumed that all material properties g ðg ¼ C; EÞ are decom-
posed as g  gð0Þ þ g1ðxÞ ¼ gð0Þ þ gð1Þ1 ðxÞ. The upper index (m) indi-
cates the components and the lower index i indicates the
individual identical inclusions v i with the centers xi and the size
2a. Thus v ð0Þ ¼ w n v ð1Þ and v ð1Þ  [v i denote the matrix and inclu-
sions, respectively, of the bar w ¼ v ð0Þ [ v ð1Þ. VðxÞ ¼ V ð1ÞðxÞ ¼P
ViðxÞ, and ViðxÞ is an indicator function of v i equals 1 at x 2 v i
and 0 otherwise, ði ¼ 1;2; . . .Þ. The bar w contains a statistically
large number of realizations a (providing validity of the standard
probability technique) of inclusions v i  v ð1Þ ði ¼ 1;2; . . .Þ. A
random parameter a belongs to a sample space A, over which a
probability density pðaÞ is deﬁned (see, e.g., Willis, 1981). For
any given a, any random function gðx;aÞ (e.g., g ¼ V ;V ð1Þ;r) is
deﬁned explicitly as one particular member, with label a, of anensemble realization. Then, the mean, or ensemble average is
deﬁned by the angle brackets enclosing the quantity g
hgiðxÞ ¼
Z
A
gðx;aÞpðaÞda: ð2:14Þ
At ﬁrst all the random quantities under discussion in Section 4.1 are
described by statistically inhomogeneous random ﬁelds while in
Sections 5 and 5 only statistically homogeneous random ﬁelds of
heterogeneities subjected to homogeneous boundary conditions
are analyzed. uðv i; xÞ is a number density, nð1Þ ¼ nð1ÞðxÞ of compo-
nent v ð1Þ 3 v i at the point x and c ¼ cð1ÞðxÞ is the concentration, i.e.
volume fraction, of the component v ð1Þ at the point x: cðxÞ ¼
hV ð1ÞiðxÞ ¼ v inð1ÞðxÞ;v i ¼mesv i ði ¼ 1;2; . . .Þ; cð0ÞðxÞ ¼ 1 hViðxÞ. The
notations hð:ÞiðxÞ and hð:Þ j v1;x1iðxÞ will be used for the average
and for the conditional average taken for the ensemble of a statisti-
cally inhomogeneous ﬁeld X ¼ ðv iÞ at the point x, on the condition
that there is inclusions at the point x1. The notation hðÞiiðxÞ at
x 2 v i  v ð1Þ means the average over an ensemble realization of
surrounding inclusions (but not over the volume v i of a particular
inhomogeneity, in contrast to hðÞiðiÞ) at the ﬁxed v i.
We will use two sorts of conditional averages of some function g
(e.g., g ¼ u;r). At ﬁrst, the conditional statistical average in the
inclusion phase hgið1ÞðxÞ  hgVið1ÞðxÞ (at the condition that the point
x is located in the inclusion phase x 2 v ð1Þ) can be found as
hgVið1ÞðxÞ ¼ hV ð1ÞðxÞi1hgV ð1ÞiðxÞ. Usually, it is simpler to estimate
the second conditional averages of these functions in the concrete
point x of the ﬁxed inclusion x 2 v i : hgjv i; xiiðxÞ  hgiiðxÞ. It should
be mentioned that the popular equality of the mentioned averages
hgið1Þ ¼ hgi1 ð2:15Þ
is only fulﬁlled for statistically homogeneous media subjected to
the homogeneous boundary conditions. However, although in a
general case
hgiðxÞ  cð1ÞðxÞhgið1ÞðxÞ– cð1ÞðxÞhgjv i; xiiðxÞ; ð2:16Þ
(where v i 2 v ð1ÞÞ, it can be easy to establish a straightforward rela-
tion between these averages for the identical inclusions v i. Indeed,
at ﬁrst we built some auxiliary set v1i ðxÞ ¼ fx : jx xij < 2ag around
the ﬁxed point x. Then we can get a relation between the mentioned
averages:
cð1ÞðxÞhgið1ÞðxÞ ¼
Z
v1
i
ðxÞ
nð1ÞðyÞhgjv i; yiðxÞdy: ð2:17Þ
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hgið1ÞðxÞ  hgið1Þ ¼ const:; while in general hgiiðxÞXconst.
(v i  v ð1Þ). at the micro-coordinate x 2 v i. Because of this, no confu-
sion will arise below in notations of the average hgið1Þ and condi-
tional average hgiiðxÞ (at the ﬁxed inclusion v i) which are the
functions of macro-coordinate (with ‘‘resolution’’ equal to K a)
and micro-coordinate x 2 v i (used in the case of ﬁxed inclusion
v i), respectively. Formula (2.17) is valid for any material inhomoge-
neity of inclusions of any concentration in the bar. Obviously, the
general Eq. (2.17) is reduced to Eq. (2.15) for both the statistically
homogeneous media subjected to homogeneous boundary condi-
tions and statistically homogeneous ﬁelds g (e.g., g ¼ r). However,
in a general case gðv i; yÞðxÞ  f ðx; yÞg1ðvq; yÞ [g1ðvq; yÞ is a statisti-
cally homogeneous ﬁeld and f ðx; yÞ is a continuous function of
x; y], Eq. (2.17) is not reduced to Eq. (2.15).
It is interesting that the relations (2.121) and (2.122) are physi-
cally meaningful only in the context of homogeneous deformations
of a homogeneous bar. However, for a statistically homogeneous
heterogeneous bar subjected to a homogeneous external loading,
we will demonstrate in the next section that an effective Young’s
modulus E connecting the statistical averages stresses hri and
strains hei
hri ¼ Ehei ð2:18Þ
can also be deﬁned.
3. Inﬁnite bar with a single heterogeneity
3.1. Displacement ﬁeld for a single heterogeneity in an inﬁnite bar
Let us consider the governing equation for 1D peristatic bar of
the inﬁnite length and cross-section area A ¼ 1
L  uðxÞ þ bðxÞ ¼ 0; ð1 < x <1Þ; ð3:1Þ
where the nonlocal operator L is deﬁned as
L  uðxÞ ¼
Z
Cðx; yÞ½uðyÞ  uðxÞdy; ð3:2Þ
loaded by a pair ðP; PÞ of self-equilibrated concentrated remote
forces
bðxÞ ¼ P
A
½dðx adÞ  dðxþ adÞ; ðad !1Þ; ð3:3Þ
with d being the Dirac-delta distribution.
At ﬁrst we consider a single ﬁxed inclusion v ið0Þ with the prop-
erties Cð1ÞðxÞ in the inﬁnite homogeneous bar with the properties
Cð0ÞðxÞ. Then the solution of (3.1) can be split into two ones as
uðxÞ ¼ u0ðxÞ þ u1ðxÞ; ð3:4Þ
where
Lð0Þ  u0ðxÞ þ bðxÞ ¼ 0; ð3:5Þ
L  u1ðxÞ þ L1  u0ðxÞ ¼ 0 ð3:6Þ
and L  Lð0Þ þ L1. The peristatic solution of Eq. (3.5) is in detail
investigated by both numerical and analytical methods (see
Silling et al., 2003; Weckner and Abeyaratne, 2005; Bobaru et al.,
2009; Mikata, 2012). When the length scale lc=ad ! 0, this solution
converges to the classical elasticity solution almost everywhere,
e.g., for jxj < ad=2
u0 ¼ e0x; e0  P
AEð0Þ
; ð3:7Þ
where Eð0Þ for the homogeneous peristatic bar is deﬁned by
Eq. (2.12). In so doing, Eq. (3.6) is more preferable to solve than
Eq. (3.1) (see, e.g., Weckner and Abeyaratne, 2005) because aﬁctitious body force density of Eq. (3.6) has a compact support
L1  u0ðxÞ  0 (x R v li, v li ¼ fx : jxj 6 aþ lcg). Hence u1ðxÞ passes to
the constant u1ðxÞ !const. at the removal of x from
v li : jx yj ! 1 (8y 2 v li) and, therefore, for numerical solution of
Eq. (3.6) only the ﬁnite domain x 2 v l0i :¼ fx : jxj < al0g should be
discretized. However, the main advantage of the decompositions
(3.5) and (3.6) is elimination of nonlocal boundary conditions pre-
scribed over a nonzero volume (see, e.g., Silling, 2000; Kilic, 2008;
Macek and Silling, 2007; Du et al., 2012 of Eq. (3.6) while the
solution of Eq. (3.5) is well known.
So, given a node distribution xj , j ¼ 0;	1;	2; . . . ;	N over the
length of v l0i , we discretize Eq. (3.6) at the nodes xj using the
composite midpoint integration method,
Xp¼jþnl
p¼jnl
Cðxp; xjÞðu1p  u1jÞVpj þ
Xp¼jþnl
p¼jnl
C1ðxp; xjÞðu0p  u0j ÞVpj ¼ 0; ð3:8Þ
where Vpj is the portion of node p ‘‘volume’’ covered by the horizon
of node j and a constant step size Dx ¼ lc=nl ¼ al0=N is assumed. The
error in the coordinate difference formula (3.8) is well known to be
OðDx2Þ (see Silling and Askari, 2005). Effectiveness of the quadrature
scheme (3.8) for the homogeneous inﬁnite bar was demonstrated
by Bobaru et al. (2009) who also proved uniform convergence of
the peridynamic solutions to the classical solutions of static and
dynamic elasticity problems in 1D case in the limit of the horizon
going to zero.
Rewriting the above equations in a matrix–vector form as
Au1 ¼ b0; ð3:9Þ
one can ﬁnd the nodal displacements u1 (½u1j ¼ u1ðxjÞ) at the given
vector b0 corresponding to the known ﬁctitious body force density
b0 (½b0j ¼ L1  u0ðxjÞ).
Thus, the solution of Eq. (3.6) can be recognized as found, and,
due to linearity of the problem (3.1),
uðxÞ ¼ LuðxÞe0; ð3:10Þ
where
LuðxjÞ ¼ xj þ ðe0Þ1
Xp¼nl
p¼nl
ðA1Þjpb0p ð3:11Þ
and LuðxÞ  x  const: at jxj > aþ lc . In the limiting case l=ad ! 0 the
solution (3.10) approaches the local elasticity solution
Lu1ðxÞ ¼ ðe
1  e0Þx; for jxj 6 a;
sgnðxÞðe1  e0Þa; for jxj > a;
(
ð3:12Þ
where sgnðxÞ ¼ x=jxj is the sign function, and
e1 ¼ P=ðAEð1ÞÞ ¼ ðEð0Þ=Eð1ÞÞe0 ð3:13Þ
does not depend on the properties of the matrix E0, as distinguished
from the peristatic case (3.10) and (3.11).
After estimation of uðxjÞ (1 < xj <1) by the quadrature
method (3.8), the peristatic stress distribution (2.10) can be pre-
sented in a similar form
rðxjÞ ¼
Xj
p¼jnl
Xpþnl
q¼j
Cðxp; xqÞ½uðxqÞ  uðxpÞVpjVqj: ð3:14Þ4. Effective modulus of heterogeneous bar
4.1. Local elasticity
For the local elasticity theory, the constitutive law has the form
rðxÞ ¼ EðxÞeðxÞ; eðxÞ ¼ E^ðxÞrðxÞ; ð4:1Þ
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jected to the homogeneous loading, the statistical averages of the
stresses and strains are invariant to the translation hriðxÞ ¼
hri const., heiðxÞ ¼ hei const., and, due to the problem0s linearity,
connected by the linear relation
hri ¼ Ehei; hei ¼ E^hri; ð4:2Þ
where E^ ¼ ðEÞ1.
We will reproduce the well known exact estimations of E and
E^ in the form which is the most convenient for the subsequent
generalization to the peristatic heterogeneous bar. For both 2D
and 3D cases of the local elasticity the problem of estimation of
effective moduli is in general cannot be exactly solved. In 1D case
considered, the stress ﬁeld is a constant for any heterogeneous
(even statistically inhomogeneous) bar
rðxÞ  hri ¼ const: ð4:3Þ
while the other two parameters eðxÞ and EðxÞ [or E^ðxÞ] vary. In so
doing, a deformation in any point is homogeneous (x 2 v ðkÞ; k ¼ 0;1)
eðxÞ  ek ¼ heiðkÞ; uðxÞ ¼ huiðxÞ  ekx; ð4:4Þ
in a coordinate system connected with the centers of either the
inclusions (x 2 v ð1Þ) or the segments of the matrix (x 2 v ð0Þ). Because
of this, a comparison of a simple estimation of a statistical average of
Eq. (4.12) leads to the exact effective elastic modulus representation
hei ¼ hE^ihri; E^ ¼ hE^i; ð4:5Þ
while extraction of hei from hEðxÞeðxÞi in the averaged Eq. (4.11)
requires more detailed consideration of the strain concentration
factors inside the inclusions. Indeed, the averaged Eq. (4.11) at
EðxÞ ¼ EðkÞV ðkÞðxÞ (x 2 v ðkÞ; k ¼ 0;1) can be presented in the form
hri ¼ Eð0Þhei þ hLsi; ð4:6Þ
where hLsi is the strain polarization parameter averaged over
R ¼ ð1;1Þ and
LsðxÞ ¼ ðEðxÞ  Eð0ÞÞeðxÞ: ð4:7Þ
Eq. (4.6) can be exactly solved in an accompany with the exact
equations
hei ¼ cð0Þe0 þ cð1Þe1;
e1  heið1Þ ¼ Eð0ÞE^ð1Þe0 ¼ EE^ð1Þhei ð4:8Þ
that leads to the exact representation for the effective compliance
E^ (4.52) presented for a two phase bar in the form
E^ ¼ cð1ÞE^ð1Þ þ cð0ÞE^ð0Þ: ð4:9Þ
It is interesting to consider the exact results obtained (4.5)–
(4.9) in the light of some basic assumptions and concepts widely
used in 2D and 3D problems of micromechanics of composites
(see for references and details Buryachenko, 2007). So, the
exact equality (4.3) coincides with the Reuss, 1929 assumption
necessarily leading to the representation (4.52). From other side,
homogeneity of strain ﬁelds inside the inclusions conjures up the
idea to consider the effective ﬁeld ei concept (see for details
Buryachenko, 2007) when a behavior of a representative inclusion
v i in a composite material is equivalent to the behavior of this
inclusion v i inside the inﬁnite homogeneous matrix with the
modulus Eð0Þ subjected to the homogeneous ﬁeld ei. One can
concludes from Eqs. (3.13) that this effective ﬁeld is given by
ei ¼ e0 ¼ hri
Eð0Þ
¼ E

Eð0Þ
hei; ð4:10Þ
where the equality (4.101) is in fact the Mori and Tanaka, 1973
approximation (MTA) according to which the effective ﬁeld eicoincides with the volume average of the strain inside the matrix.
In so doing Eq. (4.102) is equivalent to the dilute approximation
where each inclusion behaves as an isolated one inside the inﬁnite
homogeneous matrix. Furthermore, Eqs. (4.41) imply that thequasi–
crystalline approximation by Lax (1952) is exactly fulﬁlled. Accep-
tance of the quasi–crystalline approximation for statistically homo-
geneous ﬁelds of identical inclusions, in turns, leads to an
equivalence between the multiparticle effective ﬁeld method, the
method of effective ﬁeld, and the Mori and Tanaka (1973) method
(see for details Buryachenko, 2007). This seemingly unusual coinci-
dence of results obtained by the different methods is explained by
the exact conditions (4.3) and (4.4).
Obtaining of the exact representation (4.9) essentially uses a
statistic homogeneity of the bar and the homogeneity of inclusions.
If either one or both mentioned conditions are violated then two
step operation (2.17) is preferable that enables one to perform
averaging of Eq. (4.11) in a spirit of the dilute approximation
(4.102) as
hriðzÞ ¼ Eð0ÞheiðzÞ þ
Z zþa
za
nðrÞ 1
2a
Z rþa
ra
Eð1ÞðsÞ  Eð0Þ
Eð1ÞðsÞ hridsdr
ð4:11Þ
which is reduced to the result (4.52) for statistically homogeneous
bar nðrÞ const.
4.2. Peristatic heterogeneous bar
For a randomly heterogeneous bar at the ﬁxed ðx; x^Þ;Cðx; x^Þ is
also random, and Eq. (2.8) can be recast in the form
rðzÞ ¼
Z
H
zlc
Z
Hþ
xþlc
Cð0Þðx; x^Þ½uðx^Þ  uðxÞdx^
( )
dx
þ
Z
H
zlc
Z
Hþ
xþlc
C1ðx; x^Þ½uðx^Þ  uðxÞdx^
( )
dx: ð4:12Þ
A statistically homogeneous (nðxÞ ¼ n const.) bar subjected to the
remote homogeneous loading behaves as a macroscopically homo-
geneous bar subjected to the homogeneous loading:
hriðzÞ ¼ hri const. and huiðxÞ ¼ heix (hei const.). Therefore statis-
tical average of Eq. (4.12) leads to
hri ¼
Z
H
zlc
Z
Hþ
xþlc
Cð0Þðx; x^Þ½huiðx^Þ  huiðxÞdx^
( )
dx
þ
Z
H
zlc
Z
Hþ
xþlc
½hC1ðx; x^Þuðx^Þi  hC1ðx; x^ÞuðxÞidx^
( )
dx: ð4:13Þ
In the ﬁrst integrals in Eq. (4.13) uðxÞ and uðx^Þ are only random
while all the other functions (such as Cð0Þðx; x^Þ and the integration
limits) are deterministic at the ﬁxed x and x^. Because of this, anal-
ogously to the averaged Eq. (4.12), a deterministic function
Cð0Þðx; x^Þ can be carried out from the averaging operation
hCð0Þðx; x^ÞuðxÞi ¼ Cð0Þðx; x^ÞhuiðxÞ ¼ Cð0Þðx; x^Þheix. Then the ﬁrst inte-
gral in Eq. (4.13) can be transformed similarly to reduction of Eq.
(4.11) to Eq. (4.6)
hri ¼ Eð0Þhei þ
Z
H
zlc
Z
Hþ
xþlc
½hC1ðx; x^Þuðx^Þi  hC1ðx; x^ÞuðxÞidx^
( )
dx;
ð4:14Þ
where Eð0Þ is deﬁned by Eq. (2.12) at CðnÞ  Cð0Þðx; x^Þ (n ¼ x x^). It is
interesting, that the reduction of Eq. (2.10) to Eq. (2.12) was
obtained for a homogeneously loaded homogeneous bar while
Eqs. (4.13) and (4.14) describe a behavior of the heterogeneous
bar of statistically homogeneous random structure. Nevertheless
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tistically exact. Buryachenko (2014) has obtained a generalization
of Eq. (4.14) to 2D and 3D thermoperistatic composites. Unfortu-
nately, a corresponding simpliﬁcation of the term hC1ðx; x^ÞuðxÞi by
taking C1ðx; x^Þ out from the averaging operation is impossible, and
it is necessary to estimate a strain distribution inside each represen-
tative moving inclusion v i with the center r 2 ½z a; zþ a (similarly
to Eq. (2.17)) that can be done by two step averaging procedure in a
like manner of Eq. (4.11)
hri ¼ Eð0Þhei þ n
2ðaþ lcÞ
Z zþa
za
Z rþaþlc
ralc
Z
H
slc


Z
Hþ
xþlc
½hC1ðx; x^Þuðx^Þjv i; ri  hC1ðx; x^ÞuðxÞjv i; ridx^
( )
dxdsdr;
ð4:15Þ
Due to a statistical homogeneity of the problem considered, the
right hand side of Eq. (4.15) is translationally invariant under a shift
of R ¼ ð1;1Þ [and, therefore, Eq. (4.15) does not depend on z],
and nðrÞ ¼ n const. In such a case Eq. (4.15) is reduced to the
equation
hri ¼ Eð0Þhei þ hsi; ð4:16Þ
which is equivalent to Eq. (4.6) where the peristatic stress polariza-
tion parameter sðsÞ is formally presented as ðs 2 v li)
sðsÞ ¼
Z
H
slc
Z
Hþ
xþlc
C1ðx; x^Þ½uðx^Þ  uðxÞdx^
( )
dx; ð4:17Þ
generalizing the classical deﬁnition of local elasticity (4.7) to peri-
statics. sðsÞ (4.17) is vanished outside v li rather than v i  v li as in
the local case (4.7). Because of this, the integration domain
ðr  a lc; r þ aþ lcÞ in the second integral in (4.15) differs from
the corresponding domain ðr  a; r þ aÞ in the local elastic counter-
part (4.11). In so doing, the integration domains ðz a; zþ aÞ in the
ﬁrst integrals in both Eqs. (4.15) and (4.11) coincide and correspond
to the domain v1i ðzÞ in the deﬁnition (2.17). Thus, the statistically
homogeneous composite bars with both the locally elastic and peri-
static properties of constituents behave as locally elastic homoge-
neous medium [see Eqs. (2.18), (4.6), and (4.16)] although the
tensorial (4.7) and integral (4.17) representations of the local stress
polarization parameters are conceptually different (Buryachenko
(2014) has obtained a generalization of this result to 2D and 3D
termoperistatic composites.)
For simplicity of the subsequent evaluation of the integral in Eq.
(4.15), we will accept the dilute approximation ignoring interac-
tion between inclusions v i and v j (i– j; i; j 2 ½1;2; . . .Þ), impossibil-
ity of overlapping of domains
v li \ v lj ¼ ; ð4:18Þ
and assuming that each inclusion v i behaves as an isolated one
inside a homogeneous bar subjected to the homogeneous load-
ing ei  hri=Eð0Þ (4.10). Then a substitution of the solution
(3.10) for one inclusion inside a homogeneous bar into
Eq. (4.15) leads to
hri ¼ Eð0Þhei þ n
2ðaþ lcÞ
Z zþa
za
Z rþaþlc
ralc


Z
H
slc
Z
Hþ
xþlc
C1ðx; x^Þ½Luðx^Þ  LuðxÞ hri
Eð0Þ
dx^
( )
dxdsdr; ð4:19Þ
where the use of the dilute approximation (4.102) presenting in fact
a solution (3.10) for a homogeneous peristatic bar is justiﬁed. Com-
parison of Eq. (4.19) with Eq. (2.18) deﬁning the effective modulus
E yields the ﬁnal representationE ¼ Eð0Þ 1 nE^
ð0Þ
2ðaþ lcÞ
Z zþa
za
Z rþaþlc
ralc
Z
H
slc
Z
Hþ
xþlc
C1ðx; x^Þ½Luðx^Þ  LuðxÞdx^
( )
dxdsdr
" #1
:
ð4:20Þ
It should be mentioned that Eq. (4.20) is only exact in the limit of
the horizon going to zero lc=a! 0 because the dilute approximation
(4.102) is not exactly fulﬁlled (contrary to the local elasticity case)
due to impossibility of overlapping of domains v li \ v lj ¼ ; (4.18).
In such a case, the peristatic horizon lc is chosen to be smaller than
the spacing separating the inclusions (this assumption was also
used for the peridynamic composites of periodic structures, see
Alali and Lipton, 2012). However, estimation of errors generated
by the popular assumptions of micromechanics (see, e.g., (2.7),
(2.8), (4.10), and (4.18)) is beyond the scope of the current publica-
tion (although the numerical errors generated. by the integral esti-
mations are analyzed at the consideration of Fig. 6). Accuracy
improvement of the approach proposed is based on the abandon-
ment of the used assumptions that is possible for speciﬁc mechan-
ical properties of constituents. So in the framework of the new
background of micromechanics proposed, Buryachenko and Brun
(2012) analyzed elastically homogeneous media with statistically
homogeneous ﬁeld of identical aligned inclusions with stress free
strain b1ðxÞX0. The residual stresses were estimated for 2D ther-
moelastic composite materials (CMs) with any prescribed numeri-
cal accuracy without any hypotheses; in so doing, the classical
effective ﬁeld hypothesis (similar to Eq. (4.10)) leads to the error
40% at the estimation of the inhomogeneous effective ﬁeld. How-
ever, generalisztion of the mentioned results by Buryachenko and
Brun (2012) to the thermoperistatic CMs is beyond the scope of
the current study.
Another dissimilarity between the results obtained by both the
local elasticity and peristatics is that Eq. (4.9) (in contradiction to
Eq. (4.20)) is invariant to the replacements v ð0Þ $ v ð1Þ; Eð0Þ $ Eð1Þ.
Moreover, Eq. (4.19) looks similar to its local exact counterpart
(4.11) which is also exact for statistically inhomogeneous bar.
However, generalization of Eq. (4.19) to the case of statistical inho-
mogeneous structures is questionable because a reduction of the
ﬁrst integral in Eq. (4.13) to Eð0Þhei is only possible for a composite
bar of statistically homogeneous random structure.
5. Numerical results
1D example of an inﬁnite heterogeneous peristatic bar is ana-
lyzed for the next geometrical and mechanical properties of con-
stituents. An inﬁnitely long bar of a constant cross section A ¼ 1
contains the randomly distributed identical inclusions of the size
2a. At ﬁrst, the micromodulus functions with the step-function
proﬁle (2.41) with the same horizon lc=a ¼ 0:02;0:1;0:25 are con-
sidered for both the inclusions and matrix with the ratios of the
corresponding elastic counterparts (2.131) E
ð1Þ=Eð0Þ ¼ 3 and
Eð1Þ=Eð0Þ ¼ 0:3. For a homogeneous bar, the parameters of loading
P=A ¼ 1 correspond to the homogeneous stress distribution of
the local elastic counterpart (4.3) LrðxÞ  1 with the displacement
distribution LuðxÞ (3.12) (1 < x <1). The midpoint quadrature
scheme (3.8) is realized for the uniform grid with a constant step
size Dx ¼ a=1000 (corresponding to lc=Dx ¼ 20;100;250, respec-
tively); an accuracy of the numerical solution for a single inclusion
in the inﬁnite homogeneous bar is analyzed by comparison of
results obtained for Dx ¼ lc=250; lc=100 and lc=20.
At ﬁrst a single inclusion v ið0Þ in the inﬁnite homogeneous bar
is considered for Dx ¼ a=1000. The odd functions of the displace-
ment perturbation u1ðxÞ introduced by the inclusion are presented
in Figs. 2 and 3 for Eð1Þ=Eð0Þ ¼ 3 and Eð1Þ=Eð0Þ ¼ 0:3, respectively, and
lc=a ¼ 0;0:02;0:1;0:25. The curves u1ðxÞ vs x=a behave according to
the general features of peristatic solutions for a homogeneous peri-
static bar mentioned by Silling et al. (2003), and Bobaru et al. (2009).
Fig. 4. Peristatic stresses rðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 3 and lc=a ¼ 0 (1),
lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 5. Peristatic stresses rðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 0:3 and lc=a ¼ 0 (1),
lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 2. Displacement perturbations u1ðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
2946 V.A. Buryachenko / International Journal of Solids and Structures 51 (2014) 2940–2948Indeed, the ﬁctitious body force bfðxÞ ¼ L  uð0ÞðxÞ (3.6) has a dis-
continuity at x ¼ 	a and, therefore, u1ðxÞ also has a discontinuity
at x ¼ 	a (that is visualized in Figs. 2 and 3 in the forms of the
sharp variations of the functions u1ðxÞ in the vicinity of x ¼ a)
because in general the displacement ﬁeld uðxÞ has the same
smoothness as the body force ﬁeld (see Silling et al., 2003). In addi-
tion, the discontinuity in the micromodulus CðnÞ (2.41) at jnj ¼ lc ,
has a further effect on the smoothness of u1ðxÞ with a correspond-
ing discontinuity of the derivatives uðkÞ1 of the order k ¼ 1;2; . . . at
x ¼ 	ðaþ klcÞ [it is well observed in Figs. 2 and 3 in the form of
breaks of u1ðxÞ (k ¼ 0) at x ¼ aþ lc]. As it was mentioned in Sec-
tion 4, u1ðxÞ !const. at jxj ! 1, and u1ðxÞ!Lu1 (3.12) in the limit
of the horizon going to zero lc=a! 0.
For the same problem, we consider now the peristatic stresses
rðxÞ (3.14) presented in Figs. 4 and 5 for Eð1Þ=Eð0Þ ¼ 3 and
Eð1Þ=Eð0Þ ¼ 0:3, respectively. An inhomogeneity of the peristatic
stresses rðxÞ in comparison with the local elastic limit
LrðxÞ const. reﬂects a nonlocal nature of peristatic phenomena.
As can be seen, the inhomogeneities of rðxÞ at lc=a! 0 are local-
ized in the vicinity of discontinuities x ¼ a of displacements
u1ðxÞ, and a width of the ‘‘hills’’ rðxÞ  x becomes thinner at
lc=a! 0 while a high of these ‘‘hills’’ at x ¼ a is not diminished.
It is interesting to analyze a dependence of a long-range action ofFig. 6. Peristatic stresses rðxÞ vs x=a estimated for: elastic case (1); (2.131),
Dx ¼ lc=250 (2); (2.132), Dx ¼ lc=250 (3); (2.131), Dx ¼ lc=5 (4).
Fig. 3. Displacement perturbations u1ðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 0:3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 7. Stress polarization parameter sðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 10. Relative effective modulus E=Eð0Þ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 0:3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 8. Stress polarization parameter sðxÞ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 0:3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
Fig. 9. Relative effective modulus E=Eð0Þ vs x=a estimated for Eð1Þ=Eð0Þ ¼ 3 and
lc=a ¼ 0 (1), lc=a ¼ 0:02 (2), lc=a ¼ 0:1 (3), and lc=a ¼ 0:25 (4).
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the phases v ð0Þ and v ð1Þ for the same their horizons lc . It is visiblethat for lc=a ¼ 0;0:02;0:1 the curves rðxÞ  x are not symmetric
with respect to x ¼ a and the distributions rðxÞLrðxÞ are dis-
placed into a side of stiffer materials (to the left hand side and to
the right hand side for Eð1Þ > Eð0Þ and Eð1Þ < Eð0Þ, respectively), e.i.
a stiffer material exhibits most long-range action of nonlocal stress
constituents in comparison with a softer material.
As an example of parametric analysis, we compare the peristatic
stresses rðxÞ estimated for the micromoduli (2.41) and (2.42) with
the same horizons ls, the parameters C corresponding (2.131) and
(2.132), respectively, and the ratio E
ð1Þ=Eð0Þ ¼ 3. As can be seen in
Fig. 6, both the peristatic stresses rðxÞ evaluated for Eqs. (2.131)
and (2.132), respectively, differ from the local elastic stresses
LrðxÞ const. just on a few percents. However, this similitude
becomes much more meaningful when the comparison is only per-
formed for the relative (nonlocal) constituent of stresses
r^ðxÞ :¼ rðxÞLrðxÞ. In such a case r^ðaÞ estimated for the micromo-
duli (2.131) and (2.132) differ on 13% (see Fig. 6). In addition, the
triangle proﬁle (2.132) provides in some average sense the thinner
and higher distribution than the corresponding step one (2.131)
with the same E and lc (see Fig. 1). As a result, the ‘‘hill’’ of the peri-
static stresses rðxÞ  x estimated for the triangle CðnÞ (2.132) is
thinner and higher than the ‘‘hill’’ corresponding to the step-func-
tion CðnÞ (2.131). We also perform a comparative analysis of r^ðxÞ
estimated for the same horizons lc=a ¼ 0:25 with the different step
sizes Dx ¼ a=1000 and Dx ¼ a=20 corresponding to the values
lc ¼ 250Dx and lc ¼ 5Dx. An error of the coarse mesh Dx ¼ lc=5 at
the estimation of r^ðaÞ equals 47%; this error diminished to 8%
and 2% for more ﬁne meshes Dx ¼ lc=20 and Dx ¼ lc=50, respec-
tively. The errors at the estimation of other values (such as
u1ðxÞ; sðxÞ, and E) essentially less than the corresponding errors
at the evaluation of the relative parameter r^ðxÞ.
The classical problem of micromechanics is estimation of effec-
tive elastic properties which are directly deﬁned by the stress
polarization parameters (4.17) rather than the stress distribution
(3.14). Figs. 7 and 8 demonstrate convergence of the peridynamic
solutions to that of the classical, local elasticity solution (4.7) in
the limit of vanishing length scale lc=a! 0. The peristatic stress
polarizations sðxÞ (4.17) presented in Figs. 6 and 7 for
Eð1Þ=Eð0Þ ¼ 3 and Eð1Þ=Eð0Þ ¼ 0:3, respectively, have the compact sup-
ports x 2 v li while the local elastic counterparts LsðxÞ vanished out-
side v i  v li. Moreover, sðxÞ varies at x 2 v li (4.17) while
LsðxÞ const. at x 2 v i.
At last, estimation of the peristatic stress polarizations sðxÞ
(4.17) as the functions of average stresses hri const. in Eq.
(4.19) makes it possible to evaluate the effective Young’s modulus
2948 V.A. Buryachenko / International Journal of Solids and Structures 51 (2014) 2940–2948by Eq. (4.20), see Figs. 9 and 10. The limit of vanishing length scale
lc=a! 0, reduces the peristatic solution E  c (4.20) to the classi-
cal exact result LE  c (4.9). It is interesting, that taking the non-
local peristatic properties of constituents into account leads to
the softening and stiffening of E in comparison with LE for the
composite bar with the stiff (Fig. 9) and soft (Fig. 10) inclusions,
respectively.
It should be mentioned that Buryachenko (2011a,b) analyzed
the 2D composites consisting of constituents with another non-
local properties introduced by Kröner (1967) and Eringen (2002).
It was demonstrated that for statistically homogeneous composites
subjected to the homogeneous loading, the effective properties are
described by the classical local elasticity theory and, moreover, the
effective properties in both the nonlocal and local theories do not
signiﬁcantly differ from one another while the local ﬁelds esti-
mated by both the nonlocal and local theories can differ by a sign.
In a similar manner, the effective moduli for the composite bars
with the nonlocal and local properties do not signiﬁcantly differ
from one another (see Figs. 9 and 10) while the local ﬁelds (see
Figs. 7 and 8) can be essentially different. However, the current
estimations (4.20) are obtained in the framework of the dilute
approximation when the direct long-range actions between inclu-
sions vanish that is appropriate for 1D case (see Section 4.1). In
subsequent publications, the author expects obtaining of funda-
mentally new results based on consideration of multiparticle inter-
actions of inclusions in 2D and 3D cases.
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